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The particle-based ellipsoidal statistical Bhatnagar-Gross-Krook (ESBGK) model is
extended to diatomic molecules and compared with the Direct Simulation Monte
Carlo (DSMC) method. For this an efficient method is developed that optionally
allows the handling of quantized vibrational energies. The proposed method is verified
with a gas in an adiabatic box relaxing from a non-equilibrium state to an equilibrium.
It is shown that the analytical Landau-Teller expression as well as DSMC results agree
very well with the new method. Furthermore, the method is compared with DSMC
results and experimental measurements of a hypersonic flow around a 70◦ blunted
cone. It is shown that the ellipsoidal statistical BGK compares very well with the
DSMC results while saving up to a factor of ≈ 35.8 CPU time for this low Knudsen
number case.
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I. INTRODUCTION
Simulations of non-equilibrium gas flows are still challenging especially if the simulation
region includes dense and rarefied gas regions. The situation becomes even more complex
for a molecular gas flow. In this case, non-equilibrium effects can also affect the inner
energies of the molecules. CFD methods based on the Navier-Stokes equations cover a
wide range of near equilibrium flows that are important for many practical applications.
Nevertheless, the assumptions of the Navier-Stokes equations become invalid for rarefied
non-equilibrium flows. Another approach of flow field simulation is the Direct Simulation
Monte Carlo (DSMC) method. In this method, discrete particle collisions are used to mimic
the convective and collision molecular process1. Therefore, DSMC is able to hanlde non-
equilibrium effects but becomes very expensive for small Knudsen number flows due to the
fact that molecular events must be resolved in space and time within the mean free path
and collision frequency, respectively.
The gap between the applicable flow regimes of both methods can be closed with different
approaches. A short overview of these methods including advantages and disadvantages of
these methods is given in Mirza et al.2. The main focus in this paper is on the particle-based
statistical Bhatnagar-Gross-Krook (BGK) method. This method is already used and cou-
pled to DSMC in different applications like nozzle flow expansion3, micro channel flows4 or
hypersonic shocks5,6. Recently, an efficient method to handle arbitrary target distribution
functions in the BGK context was presented6. However, it was shown that the energy con-
servation scheme becomes very important to produce the correct heat flux vectors, especially
for non-symmteric distribution functions, e.g. resulting from the Shakhov model7. It was
additionally shown that the ellipsoidal statistical BGK (ESBGK) model8 is very robust and
produces good results concerning heat flux and shock structures.
In this paper, a relaxation model of internal energies for the ESBGK method will be
presented. This work is based on the works of several authors3,5,9 but will allow the handling
of quantised vibrational energies as typically used in the DSMC context. Furthermore, the
energy conservation scheme is adapted, so that the relaxation process can also occur if only
one particle is involved as opposed to the method proposed in several publications3,5. First,
the theory of the ESBGK model as well as internal energies are shortly discussed. Then,
the implementation is described and subsequently verified by means of simple reservoir
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simulations, where it is also compared to the DSMCmethod. Finally, the method is validated
with a hypersonic flow around a 70◦ blunted cone including a shock structure.
II. THEORY
The Boltzmann equation describes the behaviour of gas with the corresponding distribu-
tion function f = f(x,v, t) at position x and velocity v
∂f
∂t
+ v
∂f
∂x
=
δf
δt
∣∣∣∣
Coll
. (1)
In this equation, external forces are neglected. Furthermore, δf/δt|Coll is the collision term,
which can be described by the Boltzmann collision integral
∂f
∂t
∣∣∣∣
Coll
=
∫
R3
∫
S2
B [f(v′)f(v′
∗
)− f(v)f(v∗)] dndv∗. (2)
Here, S2 ⊂ R3 is the unit sphere, n is the unit vector of the scattered velocities, B is
the collision kernel and the superscript ′ denotes the post collision velocities. The multiple
integration of this collision term makes is difficult to compute.
A. ESBGK Model
The ESBGK model approximates the collision term to a simple relaxation form, where
the distribution function relaxes towards a target distribution function fES with a certain
relaxation frequency ν:
∂f
∂t
∣∣∣∣
Coll
= ν
(
fES − f) . (3)
The target velocity distribution function fES is given by
fES =
n√
detA
(
m
2pikBT
)3/2
exp
[
−mc
TA−1c
2kBT
]
(4)
with the anisotropic matrix
A = I − 1− Pr
Pr
(
3P
Tr [P] − I
)
. (5)
The anisotropic matrix A consists of the identity matrix I and the pressure tensor P,
P =
∫
ccTf dv, (6)
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which are both symmetric. Additionally, n is the particle density, m the particle mass, T
the temperature and c = v − u the thermal particle velocity determined from the particle
velocity v and the average flow velocity u10. The ESBGK model reproduces the Maxwellian
distribution in the equilibrium state as well as the correct moments of the Boltzmann equa-
tion. Furthermore, Andries et al.11,12 have shown that it fulfills the H-theorem. In the
ESBGK model, the viscosity and the thermal conductivity are defined as
µ =
nkBT
ν
Pr K =
cPnkBT
ν
(7)
with the specific heat constant cP = 5kB/2m. Due to the fact that the viscosity depends on
the Prandtl number, it is possible to reproduce the viscosity and thermal conductivity at
the same time. Thus, the introduction of the Prandtl number as an additional parameter
resolves the Prandtl number problem of the standard BGK model. The Prandtl number of
molecules depends on inner degrees of freedom:
Pr =
2(5 + ξR + ξV )
15 + 2(ξV + ξR)
(8)
with the rotational and vibrational degrees of freedom ξR, ξV , respectively.
As proposed by Gallis and Torczynski9, a symmetric transformation matrix S with A =
SS can be defined. Furthermore, a normalized thermal velocity vector C is defined as such
that c = SC. Using these definitions, the argument of the exponential function in Eq. (4)
becomes
cTA−1c = (SC)TS−1S−1SC = CTC (9)
using (SC)T = CTST = CTS due to the fact that S is symmetric. Consequently, S can
transform a vector C sampled from a Maxwellian distribution to a vector c sampled from
Eq. (4).
To determine the correct relaxation frequency ν, the well known exponential ansatz of
the viscosity µ
µ = µref
(
T
Tref
)ωV HS
(10)
is used. Here, Tref is a reference temperature, µref the reference dynamic viscosity at Tref
3
and ωV HS is a parameter of the used variable hard sphere model (VHS). For a VHS gas the
reference dynamic viscosity can be calculated with the VHS reference diameter dref of the
particles:
µref =
30
√
mkBTref√
pi4(5− 2ωV HS)(7− 2ωV HS)d2ref
. (11)
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B. Diatomic Molecules
Next to the translational energy also the relaxation of internal vibrational and rotational
energies must be treated in flows including molecules. The relaxation of the rotational
temperature TR and the vibrational temperature TV is typically described with the Landau-
Teller equation13–15
dTi
dt
= −νi(Ti − TEq,i), i = R, V, (12)
with the corresponding relaxation frequency νi and the equilibrium temperature TEq,i for
the rotational and vibrational energy. The equilibrium temperature in the Landau-Teller
equation is the instantaneous translational cell temperature TEq,i = Ttr, which is calculated
by using the equation of the unbiased sample variance as described in Sun and Boyd16
Ttr =
m
3kB
∑N
i=1 c
2
i
N − 1 . (13)
Eq. (13) results in ξtr = 3(N − 1)/N effective translational degrees of freedom per particle
according to the equipartition theorem.
The rotational temperature TR of the molecules in a diatomic rigid rotator model can be
calculated using
TR =
2
ξRkB
∑N
i=1ER,i
N
(14)
with the rotational energy ER,i of particle i and the rotational degrees of freedom ξR = 2.
The vibrational energy is described by the harmonic oscillator model
EV = (j + 0.5)kBθV , (15)
with the vibrational quantum number j and the characteristic vibrational temperature θV .
The analytical solution of the vibrational temperature in this model is given by
TV =
θV
ln [1 + 1/(〈EV 〉 /kBθV − 0.5)] , 〈EV 〉 =
∑N
i=1EV,i
N
. (16)
The vibrational degrees of freedom are depending on the vibrational temperature and can
be calculated with
ξV (TV ) =
2 〈EV 〉
kBTV
or ξV (TV ) =
2θV /TV
eθV /TV − 1 . (17)
The relaxation frequency νi of the inner degrees of freedom depends on the collision
frequency of the gas νcoll
νcoll = 2d
2
refn
√
4pikBTref
m
(
Tref
T
)ωV HS
(18)
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according to νi = νcoll/Zi with the collision number Zi. Different models exist for the
vibrational and rotational collision numbers Zi, which can be found in Gimelshein et al.
14,17.
As a simplification, constant collision numbers are assumed here. However, these constant
numbers can easily be replaced with more sophisticated models in the proposed method.
III. IMPLEMENTATION
The ESBGK particle method is implemented in the PIC-DSMC code PICLas18 as de-
scribed in detail in Pfeiffer6.
The main concept of the particle ESBGK method especially the energy and momentum
conservation, is based on the works of3,5,9,19. Here, particles are moved in a simulation mesh,
collide with boundaries and the microscopic particle properties are sampled to calculate
macroscopic values in the same manner as in DSMC. But in contrast to the DSMC method,
the collision step with binary collisions between the particles is not performed. Instead, each
particle in a cell relaxes with the probability
P = 1− exp [−ν∆t] (19)
according to Eq. (3) towards the target distribution. The relaxation frequency ν is evaluated
in each time step for each cell from the definition of the viscosity of each model. The
relaxation frequency directly depends on the cell temperature T , which is calculated from
the particle information.
If a particle is chosen to relax, the new particle velocity is sampled from the target dis-
tribution. The detailed description of the sampling process for different target distributions
(e.g. ESBGK or SBGK) can be found in Pfeiffer6. Here, an approach is used with an
approximation of the transformation matrix S of eq. (9) as described in previous studies3,5,9
Sij = δij − 1− Pr
2Pr
[
m
kBT
N
N − 1 (Pij − cˆicˆj)− δij
]
(20)
with
cˆ =
∫
cf dv. (21)
6
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A. Relaxation of Internal Energies
To incorporate the internal energies in the algorithm, the Landau-Teller equation (12)
is used in the same manner as the BGK collision term of Eq. (3). This means that each
molecule relaxes the internal degree of freedom i to the equilibrium temperature Eq. (13)
with the probability
Pi = 1− exp [−νi∆t] , i = R, V, (22)
irrespective of whether the particle is already chosen to relax according to Eq. (19). Whether
or not this procedure reproduces the temperature according to the Landau-Teller equation
depends on the used energy conservation scheme as described in Burt and Boyd3 and Tu-
muklu et al.5. The energy conservation is done by involving all N particles in a cell instead
of only the relaxing particles. This scheme has shown to be more accurate in the case of
small particle numbers per cell in different test cases6. The conditions for fulfilling energy
and momentum conservation assuming only one species with mass m are
m
N∑
i=1
v∗i= m
N∑
i=1
vi (23)
N∑
i=1
m
2
(v∗i )
2 +
NR∑
i=1
E∗R,i +
NV∑
i=1
E∗V,i=
N∑
i=1
m
2
v2i +
NR∑
i=1
ER,i +
NV∑
i=1
EV,i. (24)
Here, the superscript ∗ denotes the values after the energy conservation process and NR as
well as NV are the numbers of the rotational and vibrational relaxing molecules as the result
of Eq. (22), respectively. Eq. (24) yields the following equilibrium temperature after the
energy conservation process:
T ∗Eq =
3(N − 1)Ttr + 2NRTR + ξV (TV )NV TV
3(N − 1) + 2N + ξV (T ∗Eq)NV
. (25)
Unfortunately, this equilibrium does not necessarily fulfill the required condition of the
Landau-Teller relaxation in Eq. (12). To overcome this problem, the relaxation probability
of the internal energies is corrected with a parameter βi as suggested by Burt
3:
Pi = 1− exp [−βiνi∆t] , i = R, V. (26)
To fulfill the Landau-Teller relaxation form, βi will be chosen to
dTi
dt
= −νi(Ti − Ttr) = −βiνi(Ti − T ∗Eq) ⇒ βi =
Ti − Ttr
Ti − T ∗Eq
. (27)
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The solution of this equation system is solved numerically, due to the fact that T ∗Eq directly
depends on βR and βV . For this purpose, the following system is solved
T ∗,n+1Eq =
3(N − 1)Ttr + 2PR(βnR)NTR + ξV (TV )PV (βnV )NTV
3(N − 1) + 2PR(βnR)N + ξV (T ∗,nEq )PV (βnV )N
(28)
βn+1i =
Ti − Ttr
Ti − T ∗,n+1Eq
(29)
until T ∗,n+1Eq − T ∗,nEq < ε with the iteration step n and an accuracy ε. However, this equation
system can be solved with an arbitrary method.
The new rotational energy E ′R,i of molecules that are chosen for a rotational relaxation
according to the corrected probability in Eq. (26) is reassigned to a value from a Boltzmann
distribution
E ′R,i = −kBT ∗Eq ln(Ri) (30)
with the random numer Ri. This energy must be scaled additionally to fulfill the energy
conservation.
The same method is also used for the vibrational energy:
E ′V,i = −
ξV (T
∗
Eq)
2
kBT
∗
Eq ln(Ri). (31)
If the vibrational energy should be described by discrete quantum numbers, an additional
step is necessary in the energy conservation process of EV,i.
B. Energy and Momentum Conservation
The energy conservation process is performed in different steps and illustrated in Fig. 1.
First of all, the energy conservation of the vibrational energy is performed. This must be
done, if the vibrational energy is described in a quantized way. In the case of continuous
vibrational energy, this fixed order is not necessary. In the used scheme, only translation-
vibration (T −V ) and translation-rotation (T −R) relaxation processes are allowed directly.
Therefore, the energy ET−V
ET−V =
N∑
i=1
m
2
c2i +
NV∑
i=1
(EV,i − 0.5kBΘV ) (32)
should be equally distributed over the translational 3(N − 1) and vibrational ξV (T ∗Eq)NV
degrees of freedom to fulfill energy conservation as well as the assumptions of Eq. (28). For
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Quantized
Vibrational Energies
Calculate ET−V and αV
Calculate quantum number of particle i
ji = INT
(
αV E
′
V,i
kBΘV
+Ri
)
ET−V >
E∗V,i = (ji +
0.5)kBΘV ?
ET−V = ET−V − E
∗
V,i
New random number Ri
ji = INT
(
− ln(Ri)
T∗Eq
ΘV
)
i = N?
Calculate αR
E∗R,i = αRE
′
R,i for i = 1, .., N
Calculate α
Calculate new velocities
v∗i = u + α(v
′
i − u
′) for i = 1, .., N
YesNo
Yes
No
FIG. 1. Flow chart of energy conservation scheme.
this purpose, an αV is defined with
E∗V,i = αVE
′
V,i + 0.5kBΘV . (33)
The equal distribution over the DOFs is reached if
αV =
ET−V∑NV
i=1E
′
V,i
(
ξV (T
∗
Eq)NV
ξV (T ∗Eq)NV + 3(N − 1)
)
. (34)
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For continuous vibrational energies Eq. (34) is the final step, however, for quantized vibra-
tional energies, further steps are necessary.
In the following, the quantized energy states for each particle are determined consecu-
tively. The term αVE
′
V,i is reformulated to a quantum number using the random number
Ri.
ji = INT
(
αVE
′
V,i
kBΘV
+Ri
)
. (35)
With this quantum number it is checked whether the condition
ET−V > E
∗
V,i = (ji + 0.5)kBΘV (36)
is fulfilled. If this is the case, ET−V is updated with ET−V = ET−V − E∗V,i and the next
particle is processed. Otherwise, a new quantum number is calculated with the new random
number Ri:
ji = INT
(
− ln(Ri)
T ∗Eq
ΘV
)
(37)
until the condition ET−V > E
∗
V,i is fulfilled. Consequently, also the following particles in
this algorithm can have a vibrational energy greater than zero. Note that for the following
part of the energy conservation scheme, all E∗V,i must be subtracted from ET−V also in the
continuous vibrational energy case.
The energy conservation of the rotational and translational energies is achieved analo-
gously to the vibrational energy. This means again that the energy ET−R
ET−R = ET−V +
NR∑
i=1
ER,i (38)
should be equally distributed over the translational and rotational degrees of freedom. Note
that ET−V includes the translational energy as well as the remaining vibrational energy in
the quantized case. Therefore, the total system energy will be conserved with this scheme.
The rotational energy is conserved using
E∗R,i = αRE
′
R,i (39)
αR =
ET−R∑NR
i=1E
′
R,i
(
2NR
2NR + 3(N − 1)
)
. (40)
The momentum and energy conservation for the translational energy is done as described in
the publications6,9 for the ESBGK model. Therefore, the final velocities of the particles are
v∗i = u+ α(v
′
i − u′) (41)
10
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whether they relax or not. Here, u =
∑N
i=1 vi/N is the average flow velocity before the re-
laxation, v′i are the particle velocities after the relaxation but before the energy conservation
process and u′ =
∑N
i=1 v
′
i/N . Note that, v
′
i = vi if no relaxation occurs for particle i. Due
to
N∑
i=1
(v′i − u′) = 0, (42)
eq. (41) ensures momentum conservation. Energy conservation is achieved by choosing α to
α =
√
ET−R∑N
i=1
m
2
(v′i − u′)2
(
3(N − 1)
2NR + 3(N − 1)
)
. (43)
IV. SIMULATION RESULTS
A. Reservoir simulations
The first verification case is a reservoir simulation in which particles are placed in an adi-
abatic box. Starting from a thermal non-equilibrium state at t = 0 s, a relaxation process is
caused. After a certain amount of time, thermal equilibrium is reached as described by the
Landau-Teller equation (12). If the translational-vibrational and translational-rotational
relaxation is considered separately and an isothermal relaxation is assumed (TEq,i(t) =
TEq,i(t =∞)), it is possible to define an analytical solution of Eq. (12)13,20:
Ei(∞)−Ei(t)
Ei(∞)−Ei(0) = e
−tνi. (44)
Here, the Landau-Teller equation is rewritten in the energy form. The verification simulation
is done with N2. The particle density in the simulation is n ≈ 2 · 1022m−3 (200 000 particles
with a weighting factor w = 107 in a volume of V = (4.6 · 10−4)3m3). Initial temperatures
of the translational, rotational, and vibrational energies are Ttr = 16000K, TR = 8000K,
and TV = 8000K, respectively. The characteristic vibrational temperature and species-
specific constants for the variable hard sphere (VHS) model are summarized in Table I. The
collision numbers are chosen to ZR = 5 and ZV = 50. For the comparison with the analytical
solution, the translational temperature is fixed by reassigning the translational energy of the
particles according to Ttr = TEq,i(t =∞) = 16000K after each time step. The rotational and
vibrational relaxation is investigated separately by choosing νV = 0 or νR = 0, respectively.
The results are shown in Fig. 2. The analytical solution and the results of the ESBGK
11
A Particle-based ESBGK Method for Diatomic Molecules
ΘV [K] ωV HS Tref [K] dref [m]
N2 3395 0.74 273 4.17 · 10−10
TABLE I. N2 species constants.
0 1 · 10−6 2 · 10−6
0
0.5
1
t [s]
N
or
m
al
iz
ed
en
er
gy
d
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ce
[-
]
Analytic
ESBGK
(a) Rotational relaxation.
0 1 · 10−5 2 · 10−5
0
0.5
1
t [s]
N
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m
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en
er
gy
d
iff
er
en
ce
[-
]
Analytic
ESBGK quantized
ESBGK continuous
(b) Vibrational relaxation.
FIG. 2. Comparison of BGK simulation results with analytical Landau-Teller solution.
method show a very good agreement for the rotational as well as vibrational relaxation. In
the vibrational relaxation case, the quantized and the continuous model are used.
In the second test case, a simultaneous relaxation of the translational, rotational and vi-
brational temperature is investigated. For this, the reservoir simulation with the conditions
described before is used again, only the initial temperatures are changed to Ttr = 16000K,
TR = 12000K, and TV = 8000K. The DSMC simulations are done using the prohibiting
double relaxation method to reproduce the Landau-Teller equation as described in several
works13,20. The results of the DSMC and the ESBGK simulation using the quantized vibra-
tional model is shown in Fig. 3. Excellent agreement is found between the DSMC and the
BGK results.
B. 70◦ Blunted Cone
The 70◦ blunted cone described in Alle`gre et al.21 is chosen to validate the molecular
ESBGK implementation, which was also used to validate the DSMC solver22. The geometry
including the position of the thermocouples is shown in Fig 4. Due to the thermocouples, it
12
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[K
]
DSMC Ttr ESBGK Ttr
DSMC TV ESBGK TV
DSMC TR ESBGK TR
FIG. 3. Comparison of relaxation process of Ttr, TR and TV between DSMC and BGK.
is possible to compare simulation results with measured heat flux values on the surface.
70°
y
xz
✁
S
Rn
1
2
3
4 5
6
7 8 9
Rj
Rc
Rs
Rb
M
# S/Rn
1 0.00
2 0.52
3 1.04
4 1.56
5 2.68
6 3.32
7 5.06
8 6.50
9 7.94
[mm]
Rb 25.0
Rc 1.25
Rj 2.08
Rn 12.5
Rs 6.25
FIG. 4. 70◦ blunted cone geometry and positions of thermocouples.
The simulations were carried out for molecular nitrogen N2 using the species constants
of Table I with the inflow conditions of Table II. The two given inflow velocities are cor-
responding to angle of attacks of α = 0◦ and α = 30◦. Therefore, full 3D simulations are
necessary. The Knudsen number of both cases is Kn ≈ 0.011. The BGK method has sim-
ilar requirements as the CFD method. To resolve the temperature and velocity gradients,
a certain number of cells is required. Additionally, a certain number of particles per cell
13
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α [◦] v∞
[
ms−1
]
Ttr,V,R,∞ [K] n∞ [m
−3] Ma
Case 1 0 (1502.57, 0.0, 0.0)T 13.58 1.115 · 1021 20
Case 2 30 (1301.11, 0.0, 751.2)T 13.58 1.115 · 1021 20
TABLE II. Inflow conditions of 70◦ cone test case.
A
B
C D
DSMC
ESBGK
0 2 4 6 8
0
2
4
6
8
10
x [cm]
z
[c
m
]
(a) Translational Temperature
DSMC
ESBGK
0 2 4 6 8
x [cm]
(b) Vibrational
Temperature
DSMC
ESBGK
0 2 4 6 8
x [cm]
200
400
600
800
1,000
T [K]
(c) Rotational Temperature
FIG. 5. Temperature plots of the flow field using DSMC and ESBGK for case 1 (α = 0◦).
is required to represent the moments of the distribution function. Good results using the
ESBGK model and the described energy conservation scheme are obtained with at least 7
to 10 particles per cell as described in Pfeiffer6. The time step can be found using a classic
CFL condition with the stream velocity and the speed of sound2,23.
Case 1 α = 0◦
To resolve the mean free path and the collision frequency in the 3D DSMC simulation, a
particle number of NDSMC = 4.5 · 108 and a time step of ∆tDSMC = 5 · 10−8 s are necessary.
A comparison of the translational, rotational and vibrational temperatures in the flow field
are shown in Fig. 5. The overall qualitative agreement is very good.
The temperature shock profile over the stagnation stream line is shown in detail in Fig.
6a. The overall agreement of the temperatures is very good. The biggest difference between
the simulations is visible in the inflow area for the vibrational temperature. One reason for
14
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(a) Temperature over stagnation stream
line.
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(b) Pressure x direction on the surface.
FIG. 6. Simulation results of Case 1.
this difference is the statistical noise of the vibrational temperature in this region. The inflow
is relatively cold, so that the quantized vibrational temperature is only slightly excited. Due
to the fact that the ESBGK method needs much less particles (NESBGK = NDSMC/16), the
statistical noise is higher in the ESBGK method, which leads to the difference in the free
stream inflow area.
The comparison of the heat flux and pressure in x-direction between DSMC and ES-
BGK are shown in Fig. 7 and 6b. Additionally, the positions and measurements of the
thermocouples described in Fig. 4 are shown in Fig. 7. The points {A,B,C,D} in Fig. 6b
correspond with the points depicted in Fig. 5a. The DSMC and ESBGK results show a
very well agreement. Furthermore, the simulations match the measurements very well.
A comparison of the computational time is shown in Table III. The ESBGK method needs
less particles (NESBGK = NDSMC/16) and allows a larger time step tESBGK = 2tDSMC.
Therefore, the ESBGK model reduces the CPU time by a factor of ≈ 35.8 for this case
compared with DSMC.
Case 2 α = 30◦
The mean free path and the collision frequency in the 3D DSMC simulation of Case 2
α = 30◦ are resolved using NDSMC = 4.2 · 108 and a time step of ∆tDSMC = 5 · 10−8 s. A
15
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FIG. 7. Comparison of the heat flux on the surface for case 1.
Particle
Number N
Time step
∆t [s]
CPU Time / 100
iterations [s]
CPU Time / 1 · 10−5 s
Simulation time [s]
DSMC 4.5 · 108 5 · 10−8 s 1842 3684
ESBGK NDSMC/16 2∆tDSMC 103 103
TABLE III. Comparison of CPU time between DSMC and ESBGK for Case 1. The CPU time is
the time per node with 24 cores on a Intel Xeon CPU E5-2680 v3.
comparison of the translational, rotational and vibrational temperatures in the flow field
is shown in Fig. 8. The overall agreement is again very good. The largest differences are
visible in the wake region behind the shield. Furthermore, the vibrational temperature is
slightly overestimated in the wake region. However, again much less particles are used in
the ESBGK case, leading to greater statistical fluctuations and different results in the wake,
especially for the quantized vibrational temperature.
The temperature shock profile over the black line depicted in Fig. 8a is shown in detail
in Fig. 9a. The overall agreement of the temperatures is very good, whereby the largest
difference is in the inflow area as previously discussed.
The comparison of the heat flux and pressure in x-direction between DSMC and ESBGK
are shown in Fig. 10 and 9b. The DSMC and ESBGK reults as well as the measurements
show again a very well agreement.
A comparison of the computational time is shown in Table IV. The ESBGK method
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FIG. 8. Temperature plots of the flow field using DSMC and ESBGK for case 2 α = 30◦.
needs less particles NESBGK = NDSMC/8 and allows a larger time step tESBGK = 2tDSMC.
Therefore, the ESBGKmodel reduces the CPU time by a factor of≈ 13.4 for case 2 compared
with DSMC. In this case, more particles are needed compared to case 1 to correctly resolve
the temperature gradients. Due to the angle of attack, a stronger bow shock forms in the
front of the shield.
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FIG. 9. Simulation results of Case 2.
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FIG. 10. Comparison of Heat flux on surface for Case 2.
Particle
Number N
Time step
∆t [s]
CPU Time / 100
iterations [s]
CPU Time / 1 · 10−5 s
Simulation time [s]
DSMC 4.2 · 108 5 · 10−8 s 1636 3272
ESBGK NDSMC/8 2∆tDSMC 245 245
TABLE IV. Comparison of CPU time between DSMC and ESBGK for Case 2. The CPU time is
the time per node with 24 cores on a Intel Xeon CPU E5-2680 v3.
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V. CONCLUSION
A method is described that allows the efficient treatment of internal energies of diatomic
molecules in the context of the particle-based ESBGKmethod. The shown method allows the
handling of quantized as well as continuous vibrational energies. This allows the simulation
of non-equilibrium low Knudsen number flows including diatomic molecules in a very efficient
way compared with DSMC simulations.
The method was verified using an adiabatic box with a non-equilibrium initial condition.
It was shown that the ESBGK method is able to match the analytical temporal behaviour
described by the Landau-Teller equation as well as the DSMC results.
Further on, the ESBGK model was compared with DSMC simulations based on the
hypersonic flow around a 70◦ blunted cone to evaluate the capabilities to capture the non-
equilibrium effects in shock waves. It was shown that the heat flux values on the shield as
well as the shock profiles fit the DSMC results very well. Furthermore it was shown that
the ESBGK method can save up to a factor of ≈ 35.8 CPU time compared with DSMC for
these problems.
This behavior is also very interesting for gas flows that cover a wide range of Knudsen
numbers including continuum and rarefied gas regions as in nozzle expansion flows, where
the coupling of the proposed ESBGK method with DSMC is beneficial in order to save
computational time. The fact that DSMC and the investigated methods are both cell local
Monte-Carlo based particle methods, makes a coupling very simple without the typical
problems of hybrid CFD-DSMC methods.
A next step will be the extension of the proposed method to gas mixtures to allow the
simulation of more complex flows.
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